The method of multiple scales is used to obtain a second-order uniformly valid expansion for the nonlinear acoustic wave propagation in a two-dimensional duct whose walls are treated with a nonlinear acoustic material. The wave propagation in the duct is characterized by the unsteady nonlinear Euler equations. The results show that nonlinear effects tend to flatten and broaden the absorption versus frequency curve, in qualitative agreement with the experimental observations. Moreover, the effect of the gas nonlinearity increases with increasing sound frequency, whereas the effect of the material nonlinearity decreases with increasing sound frequency.
Isakovich ls determined a second-order expansion for the nonlinear motion of an irrotational, inviscid, compressible gas in a duct lined with a material having linear acoustic properties. He found that the expansion is free of secular terms as opposed to the case of propagation in an unbounded space.
The purpose of the present paper is to analyze the nonlinear effects of both the gas motion and the lining material on the propagation and attenuation of all modes in a uniform two-dimensional duct by determining a third-order uniform expansion using the method of multiple scales (e.g., Chap. 6 of Ref. 7).
I. PROBLEM FORMULATION
We consider nonlinear acoustic wave propagation in a uniform two-dimensional duct whose walls are lined with an acoustic material. We assume the gas to be inviscid, irrotational, and initially quiescent with a uniform pressure P0 and a uniform density P0. The limitations of the inviscid, irrotational assumption will be discussed below. We introduce a Cartesian coordinate system whose x axis coincides with the center of the duct, and its y axis is normal to the walls of the duct (see Fig. 1 ). We introduce dimensionless quantities using the ambient speed of sound Co, the half-width d of the duct, and the ambient density P0. 
where y is the specific heat ratio of the gas. 
where c is the speed of sound which is related to p and p by cZ=yp/p-p •'-• .
Differentiating Eq. 5 with respect to t, eliminating p using Eqs. 1, 3, 5, and 7, and arranging, we obtain 
We assume the walls to be acoustically treated by a liner consisting of a thin rigid porous sheet or perforated plate backed by honeycomb cavities. For simplicity, we assume that both walls are lined with the same material, so that we consider the upper half of the duct. Moreover, the acoustic disturbances are either symmetric or antisymmetric.
We consider the symmetric case in this paper; that is, 4•(x, o, t)= o.
(1•1•)
In terms of the dimensionless quantities defined above, we rewrite Eq. 10 as 
Substituting Eqs. 14 and 15 into Eqs. 6, 9, 11, and 13 and equating coefficients of like powers of ½, we obtain: 
where a is the amplitude of the wave.
Equation 42
shows that the attenuation rate of a given mode is the sum of two terms, an c• 0 which is independent of the amplitude, and an e zc•za z which is a function of the amplitude. Thus, the nonlinearity increases or decreases the attenuation rate depending on whether az is positive or negative. Figure 2 Moreover, the threshold frequency increases with increasing mode number. This behavior is also demonstrated in Fig. 3, which shows Figures 4 and 5 show that the nonlinear effects of the material decrease with increasing sound frequency, whereas the nonlinear effects of the gas increase with increasing sound frequency. Moreover, the nearer R 0 to R= the larger is the effect of the gas nonlinearity.
III. SUMMARY '
The method of multiple scales is used to determine quantitatively the nonlinear effects of the gas and the lining material acoustic properties on the propagation and attenuation of sound waves in two-dimensional ducts.
The results show that the nonlinear effects of the mate-{•ial decrease with frequency, in contrast with the noniinear effects of the gas, which increase with frequency. 
